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WILLMORE TWO-SPHERES IN THE FOUR-SPHERE

SEBASTIÁN MONTIEL

Abstract. Genus zero Willmore surfaces immersed in the three-sphere S3

correspond via the stereographic projection to minimal surfaces in Euclidean
three-space with finite total curvature and embedded planar ends. The critical
values of the Willmore functional are 4πk, where k ∈ N∗, with k 6= 2, 3, 5, 7.
When the ambient space is the four-sphere S4, the regular homotopy class of
immersions of the two-sphere S2 is determined by the self-intersection number
q ∈ Z; here we shall prove that the possible critical values are 4π(|q|+ k + 1),
where k ∈ N. Moreover, if k = 0, the corresponding immersion, or its antipo-
dal, is obtained, via the twistor Penrose fibration P3 → S4, from a rational
curve in P3 and, if k 6= 0, via stereographic projection, from a minimal surface
in R4 with finite total curvature and embedded planar ends. An immersion
lies in both families when the rational curve is contained in some P2 ⊂ P3 or
(equivalently) when the minimal surface of R4 is complex with respect to a
suitable complex structure of R4.

1. Introduction

Although the study of conformal invariants of submanifolds received some atten-
tion in the classical geometry of surfaces, and later from Blaschke [Bl] and others,
it remained almost unknown until 1965. In that year, Willmore [Wi1] proposed
the study of a global conformal invariant for compact surfaces in Euclidean spaces,
often called the Willmore functional, that associates to an immersion φ : Σ → Rn
from a compact surface, the conformally invariant integral

W(φ) =
∫

Σ

|H |2 dA,

where H denotes the mean curvature vector of the immersion φ and dA is the area
measure of the induced metric. One easily obtains that the absolute minimum
for W is 4π, which is attained only by the umbilical spheres. When the genus of
Σ is one (that is, when Σ is a torus) the minimum value of W was conjectured
by Willmore to be 2π2 and to be reached only by (stereographic projection of)
the Clifford torus. This conjecture remains open, although there are some good
approaches which have been sources of new ideas, such as [Wi2], [LY], [K1], [K2],
[MRo]. Very recently, A. Ros has solved the conjecture in case the torus is invariant
under an antipodal symmetry [R].

Besides the problem of the minimization of the Willmore functionalW , some au-
thors have tried to determine its critical (not necessarily minimal) values and study
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the moduli spaces ofW-critical immersions in Rn (or in Sn, which is the conformal
compactification of Euclidean space). This kind of work was started by R. Bryant,
who, in his papers [Br1] and [Br2], has shown that in the genus zero case methods
of algebraic geometry are successful in order to classify Willmore immersions in
S3, and that there exists a close relation between Willmore immersions and a class
of minimal surfaces of Euclidean space R3: those with finite total curvature and
embedded planar ends. This has been explored by Kusner [K1] and has opened the
way to a spinor consideration of the subject (see [KS]).

In this paper, using also a spinor approach, we study Willmore immersions of
the two-sphere S2 = P1 into the four-sphere S4 (in a more general context, Ejiri [E]
obtained some partial results). In fact, by studying the conformal Gauss map of a
conformal immersion φ : P1 → S4 and its twistor lifting to the complex projective
space P3, we shall prove that the situation is slightly different from the case where
the ambient space was three-dimensional. In that case, Bryant proved that all the
genus zero Willmore immersions came, via inverse stereographic projection, from
minimal surfaces in R3. We shall see in Theorems 5 and 7 that

All the genus zero Willmore immersions in S4 are found in one of these
two classes: those obtained, via inverse stereographic projection, from
complete minimal surfaces of R4 with finite total curvature and embed-
ded planar ends; and those produced, via the Penrose twistor fibration
P3 → S4, from a rational curve in the complex projective space P3.
Such a Willmore immersion belongs to both classes when it comes from
a minimal surface which is complex for some complex structure on R4

or, equivalently, comes from a rational curve in some P2 ⊂ P3.
As a consequence of this, we shall determine the critical values of the Willmore
functional W for immersions of P1 in S4. We shall show in Theorem 6 that

If φ : P1 → S4 is a Willmore immersion whose regular homotopy class is
determined by the Whitney self-intersection number q ∈ Z, thenW(φ) =
4π(1+|q|+n) for some n ∈ N. The minimum value 4π(1+|q|) is attained
if and only if φ is obtained, via Penrose fibration, from a rational curve
in P3.

Finally, in Corollary 8, we shall study Willmore immersions with a small value of
the Willmore functional, and see that the values 8π and 12π (forbidden when the
ambient was S3) can be reached and characterize certain Whitney and Veronese
immersions.

2. Preliminaries

Let Σ be an oriented surface and denote by J the complex structure on Σ which
is compatible with the given orientation. Consider a conformal immersion φ : Σ→
S4 ⊂ R5 into the unit four-sphere, which will be endowed with its standard metric.
The fact that φ is a conformal immersion can be expressed, in terms of a local
isothermal parameter z = x+ iy on Σ, in the following way:

|φz |2 = 〈φz , φz〉 > 0, 〈φz , φz〉 = 0,(1)

where 〈 , 〉 means the C-linear extension of the usual Euclidean product of R5 to
C5 = R5 ⊗R C and the partial derivatives with respect to z and z are taken to be

∂ =
∂

∂z
=

∂

∂x
− i ∂

∂y
, ∂ =

∂

∂z
=

∂

∂x
+ i

∂

∂y
.
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We shall represent by σ the second fundamental form of the immersion φ and by
H its mean curvature vector. So

φzz = −|φz|2φ+ |φz |2H, φzz = ∂ log |φz |2φz + σzz ,(2)

where σzz = σ(φz , φz).
On the other hand, if TS4 is the tangent bundle of the sphere S4, the rank-four

vector bundle φ∗TS4 induced by the immersion φ on Σ is a subbundle of the trivial
bundle R5 = Σ× R5. Then, we have the orthogonal decomposition

φ∗TS4 = TΣ⊕ T⊥Σ,(3)

where TΣ and T⊥Σ are respectively the tangent bundle of Σ and the normal bundle
of the immersion φ, and these two rank-two vector bundles on Σ can be also viewed
as subbundles of the trivial bundle R5. Then, the corresponding spaces of their
smooth sections, denoted by Γ(TΣ) and Γ(T⊥Σ), can be thought of as subspaces
of Γ(R5) = C∞(Σ,R5).

Let ∇ be the connection on φ∗TS4 induced by the Levi-Civita connection on S4.
We have the decomposition

∇ = ∇+∇⊥,
corresponding to (3), where ∇ is the Levi-Civita connection of the metric induced
on Σ by φ and ∇⊥ is the normal connection. Since φ is conformal, we have that
∇J = 0, and so, via the Koszul-Malgrange theorem [KM], we obtain a unique
holomorphic structure on the complex line bundle TΣ. It is clear that this structure
is nothing but that of κ∗, the dual of the canonical line bundle κ on the Riemann
surface Σ.

We may also define another almost complex structure on the normal bundle
T⊥Σ, which will also be denoted by J , in the following way:

Je3 = −e4,

where {e1, e2 = Je1, e3, e4} is an oriented orthonormal local frame on φ∗TS4 and
{e1, e2} is a local frame on TΣ. It is easy to check that also ∇⊥J = 0, and
so the aforementioned Koszul-Malgrange theorem gives a unique structure of a
holomorphic line bundle on T⊥Σ, such that a section ξ ∈ Γ(T⊥Σ) is holomorphic
if and only if

∇⊥Jvξ = J∇⊥v ξ v ∈ TΣ.

We shall represent by N this holomorphic line bundle on the Riemann surface Σ.
In the case where Σ is compact, the Chern number c(N) of this line bundle N is
the Euler characteristic of the normal bundle T⊥Σ of the immersion φ, and so

c(N) =
1

2π

∫
Σ

K⊥ dA,

where K⊥ is the normal curvature of the immersion given by

K⊥ = R⊥(e1, e2, e3, e4),

R⊥ is the curvature tensor of ∇⊥ and dA is the area element of the induced metric.
Let TCS4 = TS4⊗RC be the complexified tangent bundle of the four-sphere. The

induced complex bundle φ∗TCS4 can be considered as a subbundle of the complex
trivial bundle C5 = R5 ⊗R C on Σ. Then, we have the complex version of (3)

φ∗TCS4 = TCΣ⊕ T⊥C Σ.
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We shall continue to denote by ∇, ∇, ∇⊥, J and 〈 , 〉 the corresponding C-linear
extensions of these geometric objects. Thus, the almost complex structures J in
TCΣ and T⊥C Σ yield splittings of the corresponding complex bundles into (1, 0) and
(0, 1) subbundles which are eigenbundles for the eigenvalues +i and −i. In fact, we
have

TCΣ = TCΣ(1,0) ⊕ TCΣ(0,1), T⊥C Σ = T⊥C Σ(1,0) ⊕ T⊥C Σ(0,1).

These splittings are preserved by the corresponding connections ∇ and ∇⊥, and
give subbundles where the C-bilinear product 〈 , 〉 is null. It is clear that the
holomorphic line bundles TΣ and N which we have defined by using the Koszul-
Malgrange theorem are respectively isomorphic to TCΣ(1,0) and to T⊥C Σ(1,0), in such
a way that if we represent by ∂ and ∂ the operators

∂ξ =
(
∇⊥∂

∂z
ξ
)
⊗ dz, ∂ξ =

(
∇⊥∂

∂z
ξ
)
⊗ dz,

where ξ ∈ Γ(T⊥C Σ), then ξ is holomorphic if and only if ∂ξ = 0. We shall also
denote by ∂ and ∂ the corresponding operators on any complex vector bundle on
Σ of the form TΣ ⊗ V or T⊥Σ ⊗ V , where V is a given complex vector space.
Now consider the Euclidean space R5 as the hyperplane x1 = 0 in R6 and let
A = (1, 0, . . . , 0) ∈ R6. So

R6 = 〈A〉 ⊕ R5,(4)

where 〈A〉 is the line spanned by the vector A. We shall endow this real vector space
R6 with the Lorentzian metric (that we shall also denote by 〈 , 〉) A becoming a
unit timelike vector orthogonal to R5 and inducing on this R5 the usual Euclidean
metric. We shall use the notation R6

1 in order to point out the presence of this
indefinite metric. Complexifying (4), we can also view the complex space C5 as the
hyperplane z1 = 0 in

C6 = 〈A〉 ⊕ C5,

where now 〈A〉 stands for the complex line spanned by A. Represent again by
〈 , 〉 the corresponding C-bilinear extension of the Lorentzian product above, and
denote by C6

1 the corresponding complex metric space. Notice that, if u, v ∈ C6
1,

the product 〈u, v〉 yields an indefinite Hermitian product on C6
1.

Associated to our conformal immersion φ : Σ → S4, we may define a map
R : T⊥C Σ→ C6

1 by

R(ξ) = 〈H, ξ〉 (A+ φ) + ξ, ξ ∈ T⊥C Σ.(5)

This map is linear in ξ, and so it provides us a section of
(
T⊥C Σ

)∗ ⊗C6
1. Let R the

(1, 0)-part of R (that is the part vanishing on T⊥C Σ(0,1)). Because

R(ξ) = R(ξ) for all ξ ∈ T⊥C Σ,

the corresponding (0, 1)-part of R is R. Then

R ∈ Γ
(
N∗ ⊗ C6

1

)
, R ∈ Γ

(
N
∗ ⊗ C6

1

)
,

where N∗ means the dual line bundle of N . By using the C-bilinear product of C6
1,

we obtain sections

〈R,R〉 ∈ Γ (N∗ ⊗N∗) , 〈R,R〉 ∈ Γ
(
N
∗ ⊗N∗

)
, 〈R,R〉 ∈ Γ

(
N∗ ⊗N∗

)
.
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We must remark that the line bundle N∗ ⊗ N
∗

on Σ is holomorphically trivial
provided that the Hermitian product

〈 ,−〉 : N∗ ⊗N∗ → C

is a parallel section of it. Hence, from now on, we shall identify the line bundles N
and N∗ when convenient. From the definition (5), one immediately has

〈R,R〉 = 0, 〈R,R〉 = 0, 〈R,R〉 = 1.(6)

These equalities imply that the section R of the vector bundle N∗⊗C6
1 determines

a map

G : Σ −→ Q4
1 ⊂ P5

1, G = [R],(7)

where [R] means the complex line spanned by R(ξ) in C6
1, with ξ being any local

section of N , and
P5

1 = {[z] | z ∈ C6
1, 〈z, z〉 > 0}

is the indefinite complex projective space (see [Wo], p. 378), defined as the space of
spacelike complex lines in the metric complex vector space C6

1. The first equality
in (6) says that the image of this map G lies in the complex hypersurface

Q4
1 = {[z] | z ∈ C6

1, 〈z, z〉 > 0, 〈z, z〉 = 0},
which is the indefinite analogue of the complex hyperquadric in the usual complex
projective space. As in the definite case, the complex manifold P5

1, which is bi-
holomorphic to an open set of P5, can be endowed with an indefinite (index two)
Fubini-Study metric

ds2
FS =

|dz ∧ z|2
|z|4 =

|z|2|dz|2 − |〈z, dz〉|2
|z|4

and becomes an indefinite Kähler manifold with constant holomorphic sectional
curvature 4. In this way, the hyperquadric Q4

1 is an Einstein hypersurface and has
all the analogous properties that the usual hyperquadric has in the definite case
(see [MR]). It is an indefinite Kähler manifold with real dimension eight and real
index two, which is isometric to the non-compact symmetric space

SO(5, 1)
SO(3, 1)× SO(2)

,

consisting of the oriented spacelike 2-planes in the Lorentzian space R6
1. The map

G : Σ → Q4
1 is a generalization of the so-called conformal Gauss map, defined by

Blaschke [Bl] and rediscovered by Bryant [Br1] in the case of conformal immersions
into the three-sphere, and it has already considered when the ambient space is
four-dimensional by Ejiri in [E].

If we compute directly, using (2), we have that, for each ξ ∈ Γ(N),(
∇ ∂

∂z
R
)

(ξ) = R(ξ)z −R
(
∇⊥∂

∂z
ξ
)

=
〈
∇⊥∂

∂z
H, ξ

〉
(A+ φ)− 〈σzz , ξ〉|φz |2

φz,(8)

where ∇ is the natural connection on
(
T⊥Σ

)∗. Then, from this (8) and (5), since

∂R =
(
∇ ∂

∂z
R
)
⊗ dz,

we get

〈∂R,R〉 = 0, 〈∂R,R〉 = 0, 〈∂R,R〉 = 0, 〈∂R,R〉 = 0.(9)
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Moreover, as the immersion φ is conformal, taking (1) into account, we have

〈∂R, ∂R〉 = 0, 〈∂R, ∂R〉 = 0, 〈∂R, ∂R〉 = 0,

〈∂R, ∂R〉(ξ, η) =
〈σzz , ξ〉〈σzz, η〉

|φz |2
,(10)

|∂R|2(ξ, ξ) =
|〈σzz , ξ〉|2
|φz |2

|dz|2, |∂R|2(ξ, ξ) =
|〈σzz , ξ〉|2
|φz |2

|dz|2,

where ξ, η ∈ N .
The third of these equalities implies, together with the definition of the Fubini-

Study metric on P5
1, that the conformal Gauss map G is conformal. From (9) and

the last two equalities in (10), one can see that the metric on Σ induced by G is
given by

4G∗ds2
FS =

|R ∧ ∂R|2
|R|4 +

|R ∧ ∂R|2
|R|4 = |∂R|2 + |∂R|2.

Then, we obtain

G∗ds2
FS =

1
4
|σzz|2
|φz|2

|dz|2 =
1
4
(
1 + |H |2 −K

)
|φz |2|dz|2,(11)

where K is the Gauss curvature of the metric 1
2 |φz |2|dz|2 induced on Σ from the

immersion φ. Hence, the conformal Gauss map is an immersion away from the
points with σzz = 0; that is, it has singularities at the umbilical points of φ.
Moreover, G is holomorphic (respectively antiholomorphic) at the points satisfying
〈σzz , ξ〉 = 0, for any ξ ∈ N (respectively 〈σzz , ξ〉 = 0); that is, σzz ∈ N = T⊥C Σ(0,1)

(respectively σzz ∈ N = T⊥C Σ(1,0)).
In the case where Σ is compact, integrating the equality above, one has the area

of the image of this conformal Gauss map:

2A(G) =
∫

Σ

(
1 + |H |2 −K

)
dA =W(φ)− 2πχ(Σ),

where χ(Σ) is the Euler characteristic of the surface Σ.
On the other hand, also from (10), we conclude that

|∂R|2 − |∂R|2 =
1
|φz |2

(
|〈σzz , ξ〉|2 − |〈σzz , ξ〉|2

)
|dz|2,

where ξ is any local section of N with |ξ|2 = 〈ξ, ξ〉 = 1. Using the Ricci equation
for the immersion φ, we deduce that

|∂R|2 − |∂R|2 = R⊥
(
φz , φz, ξ, ξ

)
|dz|2 = K⊥|φz |2|dz|2.

When Σ is compact, if we integrate this last equality, we compute the degree of
the conformal Gauss map G, as a map from Σ to the indefinite projective space P5

1

(which has the same homotopy type that P4, and so H2(P5
1,Z) = Z). In fact,

4π degG =
∫

Σ

(
|∂R|2 − |∂R|2

)
dx dy = 4πc(N).

Remark 1. The expressions above, computing the area and the degree of the con-
formal Gauss map G of the immersion φ, directly imply that

W(φ)− 2πχ(Σ) ≥ 2π|c(N)|,
the equality holding if and only if the conformal Gauss map is either a holomorphic
or a antiholomorphic map from Σ into the indefinite Kähler manifold Q4

1 ⊂ P5
1.



WILLMORE TWO-SPHERES 4475

This inequality was first found by Wintgen [Win] and Weiner [We], and the case
of equality was studied by Friedrich [F] in terms of twistor liftings. But, in the
following section, we shall show that the conformal Gauss map G of the immersion
φ is holomorphic if and only if its twistor lifting is holomorphic.

3. Twistor liftings

It is well known (see, for example, [S]) that the twistor space (that is, the space
of the almost Hermitian structures which are compatible with a given orientation)
of the four-sphere S4 (with either of the two possible orientations) can be identified
with the complex projective space P3 with its complex standard structure. We may
associate to our conformal immersion φ : Σ → S4 the so-called twistor lifting of φ,
T : Σ→ P3, which maps each point p ∈ Σ to the almost complex structure on the
tangent space Tφ(p)S4 determined by the two almost complex structures J which
we have already found on TpΣ and T⊥p Σ (see [ES] or [F]).

One of the natural ways to describe the twistor lifting of a conformal map from a
Riemann surface to the four-sphere is based on the fact that the complex projective
three-space P3 can be identified with the space of null two-planes of the complex
vector space C5, which is a symmetric space isometric to

SO(5)
U(2)

∼=
U(4)

U(3)× U(1)
∼= P3.

Moreover, if P ⊂ C5 is such a two-plane and {u, v} is a basis of it, the map
P 7→ [u ∧ v] ∈ P

(∧2C5
)

is an embedding

P3 −→ P9 ∼= P
(∧2C5

)
.

It is not difficult to check that this is the Veronese embedding, which is realized
through all the homogeneous second degree polynomials in the homogeneous coor-
dinates of P3. In fact, given our conformal immersion φ : Σ→ S4, we consider the
section

T = (φz ∧ ξ)⊗ dz ∈ Γ(κ⊗N∗ ⊗
∧2C5),

which induces a map from the Riemann surface Σ into the complex projective space
P
(∧2C5

)
∼= P9. This map T = [T ] is the twistor lifting of φ. (Notice that, as the

antipodal map of S4 reverses the orientation, the twistor lifting of the antipodal of
the immersion φ is given by means of the section

(
φz ∧ ξ

)
⊗ dz.) It is clear from

(2) that

∂T =
(
−|φz|2φ ∧ ξ + |φz|2〈H, ξ〉ξ ∧ ξ + 〈H, ξ〉φz ∧ φz

)
⊗ dz ⊗ dz.

From that, one obtains

|∂T ∧ T |2
|T |4 =

|∂T |2
|T |2 = |φz |2(1 + |H |2)|dz|2.

Analogously, we can check that

∂T =
(
〈σzz, ξ〉ξ ∧ ξ +

〈σzz, ξ〉
|φz|2

φz ∧ φz
)
⊗ dz ⊗ dz.

Thus, one gets

|∂T ∧ T |2
|T |4 =

|∂T |2
|T |2 = 2

|〈σzz , ξ〉|2
|φz |2

= |φz |2
(
1 + |H |2 −K −K⊥

)
|dz|2,
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where ξ was a unit local section of N . A first consequence of these equalities and
(10) is

Lemma 1. The twistor lifting T : Σ→ P3 of a conformal immersion φ : Σ→ S4 is
holomorphic at exactly the same points where its conformal Gauss map G : Σ→ Q4

1

is holomorphic. (The twistor lifting of the antipodal immersion −φ is holomorphic
at exactly those points where the conformal Gauss map is antiholomorphic.)

We may obtain a second consequence of those computations. Now, we easily
check that

|∂T ∧ T |2
|T |4 − |∂T ∧ T |

2

|T |4 = |φz |2
(
K +K⊥

)
.

So, if Σ is compact, we integrate this equality and get

deg(T : Σ→ P9) = χ(Σ) + c(N).

But the image of T lies in P3 and the embedding P3 ⊂ P9 induces a degree two
map on the homology. So, we finally have

χ(Σ) + c(N) = 2 deg T .
Then, since χ(Σ) is an even number, the Euler number of the normal bundle of the
immersion φ is also an even number,

c(N) = 2 (deg T + g − 1) ,(12)

where g is the genus of the compact surface Σ.

Remark 2. Notice that Lashof and Smale [LS] showed that the Euler number of
the normal bundle of an immersion φ : Σ → S4 is c(N) = 2q, where q ∈ Z is the
self-intersection number of the immersion. Then q = deg T + g − 1. Moreover, in
[Hi], Theorem 8.3, Hirsch proved that the number c(N) = 2q classifies the regular
homotopy classes of immersion from a two-sphere into the four-sphere.

4. Willmore surfaces in the four-sphere

We proceed now to compute the tension field of the conformal Gauss map G of
the conformal immersion φ. For that, we must look for

∂∂R = ∇ ∂
∂z
∇ ∂

∂z
R⊗ dz ⊗ dz ∈ Γ(κ∗ ⊗ κ∗ ⊗N) ∼= Γ(N).

Let ξ ∈ N . Then, by using (2), (8) and the Codazzi equation for the immersion φ,
we have (

∇ ∂
∂z
∇ ∂

∂z
R
)

(ξ) =
〈
∇⊥∂

∂z
∇⊥∂

∂z
H, ξ

〉
(A+ φ)− 〈σzz , ξ〉|φz |2

σzz.

But, if we recall the definition (5) of the section R ∈ Γ
(
T⊥C Σ⊗ C6

1

)
, we deduce

that(
∇ ∂

∂z
∇ ∂

∂z
R
)

(ξ) =
〈
∇⊥∂

∂z
∇⊥∂

∂z
H +

〈H,σzz〉
|φz |2

σzz , ξ

〉
(A+ φ)− 〈σzz , ξ〉|φz |2

R(σzz).

As a conclusion, we obtain

∂∂R = s⊗R+ t⊗R⇐⇒ ∇⊥∂
∂z
∇⊥∂

∂z
H +

1
|φz |2

〈H,σzz〉σzz = 0,(13)

because the field on the left side is real and where s and t are necessarily sections
in the line bundles κ⊗ κ⊗N∗⊗N∗ and κ⊗ κ⊗N∗⊗N∗, respectively (recall that
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N∗ ⊗ N∗ is holomorphically trivial). But the right side in (13) is just the Euler
equation for the Willmore functional (see for example [E]), and in the left side,
from (9), we have that the sections s and t must be

s = −|∂R|2 = −〈∂R, ∂R〉, t = −〈∂R, ∂R〉.
From these considerations and the definition (7) the following result arises.

Proposition 2. Let φ : Σ→ S4 be a conformal immersion from a Riemann surface
into the four-sphere, R the corresponding section of the complex vector bundle N∗⊗
C6

1 defined in (5), and G = [R] : Σ → Q4
1 its conformal Gauss map. The following

assertions are equivalent:
1. φ is a Willmore immersion, that is, it is a critical point for the Willmore

functional.
2. G is harmonic and, so, a minimal immersion away from its singular points.
3. ∂∂R = −|∂R|2 ⊗ R − 〈∂R, ∂R〉 ⊗ R (or, equivalently, ∂∂R = −|∂R|2 ⊗ R −
〈∂R, ∂R〉 ⊗R).

Remark 3. The equivalence between the first two assertions in Proposition 2 above
was already pointed out in [E] in a more general context, and it is a generalization
of the corresponding property proved by Bryant [Br1] in the case of immersions
into the three-sphere.

Remark 4. Notice that, if φ is a Willmore immersion, as G must be conformal and
harmonic, it is also an analytic map. Hence, from (11), either σzz is identically zero
and (so φ is an umbilical embedding from a two-sphere into S4 as a two-dimensional
equator), or σzz vanishes only on a (closed) set with empty interior. Then, in this
non-umbilical case, the set Σ′ consisting of the non-umbilical points of the Willmore
immersion φ is an open dense set.

From now on, we shall suppose that the immersion φ : Σ → S4 is a Willmore
immersion. So, we shall be able to utilize each statement in Proposition 2 above.
We shall start by defining three sections of some holomorphic line bundles on the
Riemann surface Σ, which, after considering suitable trivializations, will be respec-
tively a 3-differential, a 4-differential and a 8-differential on the Riemann surface
Σ. In fact, we put

α = 〈∂2R, ∂R〉 ∈ Γ(κ3 ⊗N∗ ⊗N∗),
β = 〈∂2R, ∂2R〉 ∈ Γ(κ4 ⊗N∗ ⊗N∗),(14)

γ = 〈∂2R, ∂2R〉 ⊗ 〈∂2R, ∂2R〉 ∈ Γ(κ8 ⊗N∗ ⊗N∗ ⊗N∗ ⊗N∗).
Now, we want to study the effect that the ∂-operator produces on these three
differentials. With respect to α, we have

∂α = 〈∂∂2R, ∂R〉+ 〈∂2R, ∂∂R〉.
But, since we are assuming φ to be a Willmore immersion, from 3) in Proposition
2, we obtain that 〈∂2R, ∂∂R〉 = 0, because, taking ∂-derivatives in (9) and using
(10), one gets

〈∂2R,R〉 = 0, 〈∂2R,R〉 = 0, 〈∂2R,R〉 = 0.(15)

So, we deduce finally that
∂α = 〈∂∂2R, ∂R〉.
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Now, the Ricci equation for the line bundle κ⊗N∗ leads us to

∂∂2R = ∂∂∂R− (K⊥ +K)|φz|2∂R⊗ dz ⊗ dz.(16)

So, from (10), we arrive at
∂α = 〈∂∂∂R, ∂R〉.

But, from Proposition 2, ∂∂R ∈ span {R,R}, and so ∂∂∂R ∈ span {R,R, ∂R, ∂R}.
Hence, using again (9) and (10), we have ∂α = 0, so

α ∈ H0(Σ, κ3 ⊗N∗ ⊗N∗) ∼= H0(Σ, κ3);(17)

that is, α is a holomorphic three-differential on the Riemann surface Σ, provided
that φ is a Willmore immersion.

With respect to the 4-differential β, we obtain that

∂β = 〈∂∂2R, ∂2R〉+ 〈∂2R, ∂∂2R〉.
But the Ricci equation (16) for κ ⊗ N∗ and the corresponding one for κ ⊗ N

∗
,

together with the fact that from (10) we have

0 = ∂〈∂R, ∂R〉 = 〈∂2R, ∂R〉+ 〈∂R, ∂2R〉,
give us

∂β = 〈∂∂∂R, ∂2R〉+ 〈∂∂∂R, ∂2R〉 − 2|φz|2K⊥α⊗ dz ⊗ dz.
Now, as a consequence of 3) in Proposition 2, one has

∂∂∂R+ |∂R|2 ⊗ ∂R ∈ span {R,R, ∂R}
and an analogue for R. Thus, we finally get

∂β = |φz |2K⊥α⊗ dz ⊗ dz.(18)

Finally, taking the ∂-derivative for the 8-differential γ, one finds that

∂γ = 2〈∂∂2R, ∂2R〉 ⊗ 〈∂2R, ∂2R〉+ 2〈∂2R, ∂2R〉 ⊗ 〈∂∂2R, ∂2R〉.
But (16) and the analogue for R, together with (10), imply

〈∂∂2R, ∂2R〉 = 〈∂∂∂R, ∂2R〉,
〈∂∂2R, ∂2R〉 = 〈∂∂∂R, ∂2R〉.

Using again 3 in Proposition 2, we conclude that

∂∂∂R+ 〈∂R, ∂R〉 ⊗ ∂R ∈ span {R,R, ∂R}
and correspondingly for R. Then, we obtain

∂γ = 2
(
〈∂R, ∂R〉 ⊗ 〈∂2R, ∂2R〉 − 〈∂R, ∂R〉 ⊗ 〈∂2R, ∂2R〉

)
⊗ α.(19)

Now, we have already calculated in (17), (18) and (19) the ∂-derivatives of the
three differentials α, β and γ on the Riemann surface Σ. The following result is
immediate from that.

Proposition 3. Let φ : P1 → S4 be a conformal Willmore immersion of a genus
zero surface into the four-sphere, and denote by R the section of the complex vector
bundle N∗ ⊗ C6

1 defined in (5). Then

〈∂2R, ∂R〉 = 0, 〈∂2R, ∂2R〉 = 0, 〈∂2R, ∂2R〉 ⊗ 〈∂2R, ∂2R〉 = 0.

Proof. The point is that on P1 not only is α holomorphic, but also it vanishes; thus
β and γ are holomorphic, and so vanish as well.
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Remark 5. The 3-differential α on the Riemann surface Σ can be easily given in
terms of the original immersion φ, and the fact that it vanishes can be geometrically
interpreted. For that, notice that, according to the definition (14),

α =
〈
∇ ∂

∂z
∇ ∂

∂z
R,∇ ∂

∂z
R
〉
⊗ (dz)3.

Now, from (8) and (2), one can see that, for each ξ ∈ N ,(
∇ ∂

∂z
∇ ∂

∂z
R
)

(ξ) =
〈
∇⊥∂

∂z

∇⊥∂
∂z

H, ξ
〉

(A+ φ) +
〈
∇⊥∂

∂z

H, ξ
〉
φz

−∂ log |φz|2
|φz |2

〈σzz , ξ〉φz −
1
|φz |2

〈
∇⊥∂

∂z
σzz , ξ

〉
φz + 〈σzz , ξ〉(φ−H).(20)

So, we have〈
∇ ∂

∂z
∇ ∂

∂z
R,∇ ∂

∂z
R
〉

(ξ, ξ) = 〈σzz , ξ〉
〈
∇⊥∂

∂z
H, ξ

〉
− 〈σzz , ξ〉

〈
∇⊥∂

∂z
H, ξ

〉
.

Therefore, the expression of α in terms of φ is

α =
〈
∇⊥∂

∂z
H, Jσzz

〉
(dz)3.

So, the 3-differential α vanishes on Σ when

∇⊥∂
∂z
H and σzz are proportional,

and this is, from (8), equivalent to either of the two facts

∂R and ∂R are proportional,
∂R and ∂R are proportional.

Now we shall state and prove the first main result in this paper, where we shall
see that, in the genus zero case, the conformal Gauss map of a Willmore immersion
into the four-sphere must be holomorphic, or be antiholomorphic, or reduce its
codimension.

Theorem 4. Let φ : P1 → S4 be a conformal immersion which is critical for the
Willmore functional, and let G : P1 → Q4

1 ⊂ P5
1 be its conformal Gauss map. Then

G is holomorphic, or G is antiholomorphic, or the image of G lies in a null totally
geodesic complex hypersurface of the indefinite hyperquadric Q4

1.

Proof. Let us exclude the umbilical case (see Remark 4) where σzz is identically
zero, and so G is constant and work on the open dense set Ω ⊂ P1 of the non-
umbilical points of φ. Then G : Ω→ Q4

1 is a minimal immersion. Hence, since Q4
1 is

a Kähler manifold, those points of Ω where G is either holomorphic or antiholomor-
phic are isolated, provided that G itself is neither holomorphic nor antiholomorphic.
Then, let us also exclude the cases where the conformal Gauss map is either holo-
morphic or antiholomorphic. As a consequence, from (10) and comments after it,
we may assume that ∂R and ∂R do not vanish simultaneously at the points of Ω.
Thus

V = span {R,R, ∂R, ∂R, ∂R, ∂R}
provides, at each point of Ω, a 4-dimensional vector subspace of C6

1 (recall Remark
5) which is conjugation invariant. Consider now the map M : P1 → C6

1 given by
M = A + φ, which can be thought of as a nowhere vanishing null section of the
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trivial bundle C6
1. Then, using (5), we see that M is orthogonal to V at each point

of P1. Thus, there exists a unique differentiable section P ∈ Γ(C6
1) such that

P = P , 〈P, P 〉 = 0, 〈P,M〉 = 1, P ⊥ V.(21)

Now, let us denote by Ω′ the set Ω after taking away the isolated points where G
is holomorphic. At the points of Ω′ we have that

{R,R, ∂R, ∂R,M,P}
give a basis of the complex vector space C6

1. Therefore ∂2R must be expressed
as a linear combination of those six sections, whose coefficients will be necessarily
sections of suitable holomorphic line bundles on Ω′. Taking into account (15) and
the fact that 〈∂2R, ∂R〉 = 0, because of the first equality in (10), and the analogous
properties for R, we may write

∂2R = a⊗ ∂R+ b⊗M + c⊗ P,
∂2R = a′ ⊗ ∂R+ b′ ⊗M + c′ ⊗ P,

where a, a′ ∈ Γ(κ|Ω′), b, c ∈ Γ(κ2 ⊗ N∗|Ω′) and b′, c′ ∈ Γ(κ2 ⊗ N
∗
|Ω′). Then, the

4-differential β and the 8-differential γ defined in (14) take on Ω′ the following
form:

β|Ω′ = b⊗ c′ + b′ ⊗ c, γ|Ω′ = 4b⊗ c⊗ b′ ⊗ c′.
But, as our surface has genus zero, Proposition 3 says that

b⊗ c⊗ b′ ⊗ c′ = 0, b⊗ c′ + b′ ⊗ c = 0

on Ω′. Now, notice that, from (20) and (21), we can deduce that, for any ξ ∈ N ,

c(ξ) = 〈(∂2R)(ξ),M〉 = 〈σzz , ξ〉(dz)2 does not vanish on Ω′,

c′(ξ) = 〈(∂2R)(ξ),M〉 = 〈σzz , ξ〉(dz)2 does not vanish on Ω.′

As a consequence from all that we have finally that

b = 〈∂2R,P 〉 = 0, b′ = 〈∂2R,P 〉 = 0

at the points of Ω′. These two equations are equivalent, in view of (21), to

〈∂P, ∂R〉 = 0, 〈∂P, ∂R〉 = 0.

But, this same (21) convinces us that

〈∂P,R〉 = −〈P, ∂R〉 = 0, 〈∂P,R〉 = −〈P, ∂R〉 = 0.

Moreover, it is obvious that 〈∂P, P 〉 = 0, because P is null. Hence

∂P and P are proportional on Ω.

So, there is a 1-differential ω on the open set Ω such that

∂P = Pzdz = ωP.

This ω satisfies ∂ω = ∂ω because P = P . Since this is the integrability condition
of the first order equation

∂f + fω = 0 with f : Ω→ R,
we obtain a (locally defined) section Q = fP ∈ Γ(R6

1) orthogonal to V and with
∂Q = 0. Therefore, we have got (locally) a non-zero null Q ∈ R6

1 such that, among
other things, 〈R,Q〉 = 0. As Ω was dense in P1 and the conformal Gauss map G
was analytic, we may easily conclude that, in fact, this occurs on the whole of P1
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for a fixed Q ∈ R6
1. This and the definition (7) imply that G maps the Riemann

sphere P1 onto the intersection of the hyperquadric Q4
1 with a complex hyperplane

of P5
1 whose normal directions are null.

Remark 6. It is convenient to point out that the families of genus zero Willmore
surfaces in S4 appearing in Theorem 4 above have non-empty intersection. In fact,
the two first of them (with holomorphic or antiholomorphic conformal Gauss map)
intersect exactly in the umbilical surfaces. The first and the third ones (holomorphic
conformal Gauss map and reduction of codimension) intersect in those immersions
whose conformal Gauss map is holomorphic and its image is contained in a totally
geodesic null complex hypersurface of the indefinite hyperquadric Q4

1. In Theorem
7 below, we shall show that this is a non-trivial and interesting family.

Let us examine in a more detailed way the three classes of genus zero Willmore
immersions in the four-sphere. From Lemma 1, if our Willmore immersion φ has
either holomorphic or antiholomorphic conformal Gauss map, then either its cor-
responding twistor lifting to P3 or the twistor lifting of its antipodal immersion
(which is also a Willmore immersion) is a holomorphic curve. As Friedrich [F]
proved that the twistor lifting of a conformal immersion into S4, obtained, via the
Penrose fibration φ : P3 → S4, from a holomorphic curve C in P3, coincides with
C, we have that all the genus zero Willmore surfaces whose conformal Gauss map
is either holomorphic or antiholomorphic come from rational curves in the complex
projective three-space through the Penrose fibration. Suppose that φ belongs to
the third class of Willmore surfaces; that is, that there is a non-zero null vector
Q ∈ R6

1 such that 〈R,Q〉 = 0, where R is the section of N∗ ⊗ C6
1 defined in (5).

So, as a consequence, 〈Q,R〉 = 0. Rescaling, if necessary, we may choose Q to be
Q = −(A+ a), where a ∈ S4. Thus, we have

〈H, ξ〉(1 − 〈φ, a〉)− 〈ξ, a〉 = 0

for all ξ ∈ T⊥C Σ. But this can be rewritten in the following way:

H =
aN

1− 〈φ, a〉 =
(
∇S4 log(1− 〈x, a〉)

)N
,

where the upper index N denotes the normal component with respect to φ. But,
this equality means that, if we put on the open set S4 − {a} of the four-sphere the
metric ds2

a given by

(ds2
a)x =

1
1− 〈x, a〉 (ds

2)x, x ∈ S4 − {a},

where ds2 is the standard metric on the sphere, then the immersion φ : P1 −
{φ−1({a})} → S4 − {a} is minimal. That is, if one takes stereographic projection
from the point a ∈ S4, one obtains a minimal surface in the Euclidean four-space.
The same reasonings as in [Br1] show that this minimal surface of R4 is complete,
with finite total curvature, and its ends must be embedded and planar (although
all that can be deduced from direct arguments that we shall give below). All these
considerations can be summarized as follows.

Theorem 5. Let φ : P1 → S4 be a conformal immersion which is a critical point
for the Willmore functional. Then either φ or its antipodal −φ are obtained from
a rational curve in P3, via the Penrose twistor fibration, or φ is obtained from a
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complete minimal surface of R4 with finite total curvature and planar embedded
ends, via the inverse of the stereographic projection.

Suppose first that φ : P1 → S4 is a Willmore immersion. We have already pointed
out that its regular homotopy class is completely determined by the Euler number
of its normal bundle, that is, by c(N) = 2q, where q ∈ Z is the self-intersection
number of the immersion. Changing φ to its antipodal −φ if necessary, we may
assume that c(N) = 2q ≥ 0 (in this way the second case in Theorem 5 is possible
only when φ is an umbilical immersion). Then, if the twistor lifting T : P1 → P3 of
φ is holomorphic, from the equalities before (12) we have

W(φ) = 4π deg T = 2π(1 + c(N)) = 4π(1 + q).

Second, let φ be in the last case of Theorem 5 above, that is, there is a ∈ S4 such
that ψ : Σ = P1 − φ−1({a}) → R4 is a minimal immersion, where ψ = P ◦ φ, P :
S4 − {a} → R4 being the stereographic projection. Then, the conformal invariance
of the Willmore functional (see [Br1], for example) implies that

W(φ)−
∫
P1
K dA = −

∫
Σ

Kψ dAψ .

Thus, taking into account that the total curvature of a minimal surface in Euclidean
space can be computed in terms of its Gauss map, as one can see, for instance, in
[HO], we have

W(φ) = 4π + 2π(d1 + d2),
where d1, d2 ≥ 0 are the degrees of the two components of the Gauss map of ψ
(recall that this Gauss map goes from Σ onto the quadric Q2 ∼= P1 × P1). On the
other hand, since the integral of the normal curvature is also a conformal invariant,
as Weiner remarked in [We], and the normal curvature of the minimal immersion
ψ can also be expressed from its Gauss map (again, see [We]), we have

2πc(N) = 4πq =
∫

Σ

K⊥ψ dAψ = 2π(d1 − d2).

Therefore, finally we have obtained the following expression of the value that the
Willmore functional take on φ in terms of its regular homotopy class:

W(φ) = 4π(1 + q + n),(22)

where n = d2 ≥ 0. As a consequence of all these reasonings we have obtained the
third main result of this paper.

Theorem 6. The critical values of the Willmore functional for genus zero immer-
sions into the four-sphere are 4πk with k ∈ N∗. Moreover, in the regular homotopy
class determined by the Whitney self-intersection number q ∈ Z, the possible critical
values are 4π(1 + |q| + n) with n ∈ N, and n = 0 if and only if the immersion (or
its antipodal) comes, via the Penrose twistor fibration, from a 1 + q-degree rational
curve in the complex projective space P3.

Let us introduce another invariant of the conformal immersion φ : P1 → S4,
which is important in the context of the Willmore functional and that was first
used by Li and Yau in [LY]. Let µ(φ) the maximum multiplicity of the points
of our immersed surface. A theorem of Li and Yau [LY] and its corresponding
improvement by Kusner [K2] say that

W(φ) ≥ 4πµ(φ),
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and the equality holds if and only if there is a stereographic projection carrying φ
to a minimal immersion in R4.

When φ is a Willmore immersion and does not reach the minimum value of W
in its homotopy class, we have, from Theorem 6, that W(φ) = 4π(1 + |q| + n) for
some n ∈ N∗, and, from Theorem 5, that there exists a stereographic projection
which changes φ into a minimal immersion in R4. So, in this case, the cited result
by Li, Yau and Kusner asserts that µ(φ) = 1 + |q|+ n.

When φ is a Willmore immersion attaining the minimum value 4π(1 + |q|) of
the Willmore functional W in its homotopy class, we have only the inequality
µ(φ) ≤ 1 + |q|, and equality occurs if and only if φ is obtained simultaneously
from a rational curve with degree 1 + |q| in P3, via the Penrose fibration, and
from a complete minimal surface of R4 with finite total curvature and embedded
planar ends. Then, from (22), we deduce that n = d2 = 0, and so, one of the two
components of the Gauss map of that minimal surface is holomorphic. One can see
in [HO] that this is equivalent to the fact that the minimal surface is a holomorphic
curve with respect to a certain complex structure on R4. Also, we shall be able
to reflect the equality µ(φ) = 1 + |q| on the behavior of the twistor lifting T of
the immersion φ. Since there is a point a ∈ S4 in the image of φ with multiplicity
1 + |q|, the vertical complex line La ⊂ P3 corresponding to a intersects the image
of T with multiplicity 1 + |q| = deg T . Then the complex plane of P3 determined
by La and a point of the image of T not belonging to La cuts the image of T in
1 + deg T points. Hence, the image of the twistor lifting of φ lies in a plane of the
complex projective space. So, we may state the following theorem, which finally
solves the problem of finding the Willmore surfaces into S4 coming from minimal
surfaces into Euclidean space and holomorphic curves in the complex projective
three-space (see [We] for some partial results about this same problem).

Theorem 7. Let φ : P1 → S4 be a conformal immersion which attains the mini-
mum 4π(1 + |q|) of the Willmore functional in its regular homotopy class. Then all
the points of its image have multiplicity at most 1 + |q|, and the following facts are
equivalent:

1. There exists a point in the image of φ with maximum multiplicity 1 + |q|.
2. The conformal Gauss map G : P1 → Q4

1 of φ is holomorphic or antiholomor-
phic, and its image lies in a totally geodesic null complex hypersurface.

3. The image of the twistor lifting T : P1 → P3 of φ (if q ≥ 0, or the twistor
lifting of the antipodal −φ, if q ≤ 0) lies in a plane P2 ⊂ P3.

4. Either φ or −φ is obtained from a 1+ |q|-degree rational planar curve, via the
Penrose twistor fibration.

5. φ is obtained from a genus zero complex curve in C2 with finite total curvature
−4π|q| and planar embedded ends.

When φ is a Willmore immersion with W(φ) = 4π(1 + |q| + n), n 6= 0, then the
image of φ has at least one point with multiplicity 1 + |q|+ n.

Notice that, as a consequence of these last theorems, we can observe that there
are genus zero Willmore immersions into S4 which do not come from minimal
surfaces of R4 via the stereographic projection (this could not occur when the
ambient space was S3). They are necessarily absolute minima forW in their regular
homotopy class, and are produced from non-planar rational curves in P3 through
the Penrose twistor fibration. These curves must have degree at least three, and so
the mininum value of W for these type of Willmore immersions is 12π. In fact, as
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the Veronese embedding (rational normal curve in [GH]) from P1 in P3 is the only
(up to projective transformation) possible degree three curve, the only genus zero
Willmore immersion φ in S4 with W(φ) = 12π without triple points is the so-called
Veronese (minimal) immersion (and all its twistor deformations).

Now, take away this kind of genus zero Willmore surfaces which are absolute
minima forW in its homotopy class and have not a point with maximum multiplic-
ity. In the remaining cases, our immersion φ : P1 → S4 yields a complete minimal
immersion X : P1 −D → R4 with finite total curvature −4π(k − 1) and embedded
planar ends, where D = {p1, . . . , pk} is a finite set (the ends set) and W(φ) = 4πk.
Then ∂X is a meromorphic C4-valued 1-differential with simple poles at the points
of D. Moreover, the fact that the ends of X are planar is equivalent to these poles
having vanishing residues (see Theorem F in [Br1]). So, the conjugate minimal im-
mersion of X exists; that is, X is the real part of a meromorphic curve f : P1 → C4

whose polar divisor is p1 + · · · + pk. As X is a conformal immersion, the curve f
must be an immersion with null tangents. Now one can repeat the arguments in
[Br2] and consider the non-degenerate hyperquadric Q4 given by

2z0z5 − (z1)2 − (z2)2 − (z3)2 − (z4)2 = 0

in the complex projective space P5 as the conformal compactification of the affine
space C4, by using the embedding

(z1, z2, z3, z4) ∈ C4 7−→ [2, 2z1, 2z2, 2z2, 2z3, 2z4, (z1)2 + (z2)2 + (z3)2 + (z4)2] ∈ Q4.

The composition of the curve f with this embedding provides us a holomorphic
null immersion F : P1 → Q4 ⊂ P5 with degree k. Therefore, when W(φ) ≤ 16π,
we have k = degF ≤ 4, and the image of F lies in a hyperplane H of P5 (see
[GH]). But the intersection Q4 ∩H is a hyperquadric in H . If this hyperquadric
is non-degenerate, then we can assume that the image of F lies in Q3 ⊂ P4, and
so the minimal immersion X has image into R3 and, finally, φ(P1) is contained in
an umbilical three-sphere of S4. In this case, we may apply the results in [Br2] and
conclude that the only possible values of W(φ) are 4π, when φ is umbilical, and
16π, and, in this case, φ is produced essentially from a genus zero minimal surface
with four embedded planar ends and tetrahedral symmetry which has appeared
in several contexts (see [Br1], [RT] and [MRo]). On the other hand, assume now
that the intersection Q4∩H gives a degenerate hyperquadric in H . Then, choosing
suitable homogeneous coordinates [z0, . . . , z5] on P5, this intersection can be written
in this way:

z0 = 0, (z1)2 + (z2)2 + (z3)2 + (z4)2 = 0.

Now, it is not difficult to check that the null curves in that intersection are of
the form [z0(t), z1(t), . . . , z4(t)], where the projected curve [z1(t), . . . , z4(t)] is a null
curve in the conic Q2 ⊂ P3. Therefore, the image of such a null curve in the
intersection must lie in a plane of P5. As a consequence, k = degF ≤ 2. Then
the total curvature of the minimal immersion X is zero or −4π. In the first case,
X determines a plane and φ is umbilical; and, in the second case, X is a complete
minimal surface in R4 with total curvature −4π. All these minimal immersions
were found in [HO] and are the complex graphs

z ∈ C 7−→ (z, az +
1
z

) ∈ C2 ≡ R4,
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with a ∈ R. Taking into account Theorem 7, our immersion φ can be obtained from
some of these minimal surfaces, via inversions, or from a degree 2 holomorphic pla-
nar curve in some P2 of P3, that is, from a degree 2 Veronese embedding. All the
φ obtained in this way have exactly one double point and are regularly homotopic
to the Whitney sphere described in [Wei] (see also [CU] for other interesting char-
acterizations). In this way, we can classify all the genus zero Willmore surfaces of
the four-sphere with a small value ofW and show that the forbidden values 8π and
12π when the ambient space was three-dimensional occur in our case.

Corollary 8. Let φ : P1 → S4 be a Willmore immersion such that W(φ) ≤ 12π.
Then, one of the following alternatives occurs:

1. W(φ) = 4π and φ is umbilical.
2. W(φ) = 8π and ±φ = P ◦ V2, where P : P3 → S4 is the Penrose twistor

fibration and V2 : P1 → P2 ⊂ P3 is the degree two Veronese embedding.
In this case φ has exactly one double point and q = ±1 (when q = 1 it is
homotopic to the Whitney sphere).

3. W(φ) = 12π and ±φ = P ◦ V3, where V3 : P1 → P3 is the degree three
Veronese embedding. In this case q = ±2, and φ is a twistor deformation of
the Veronese minimal embedding from S2 into S4.

4. W(φ) = 12π and φ is obtained, via the inverse of the stereographic projection,
from some of the complete minimal surfaces in R3 (so q = 0 in this case)
with four embedded planar ends (pointing to the vertices of a tetrahedron) of
Bryant-Rosenberg-Toubiana.
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